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Abstract
The wear volume is known to keep increasing during frictional processes, and Archard notably proposed a
model to describe the probability of wear particle formation upon asperity collision in a two-body contact
configuration. While this model is largely adopted in the investigations of wear, the presence of wear debris
trapped between the surfaces changes the system into a three-body contact configuration already since
the early stages of the process. In such a configuration, a significant amount of wear is produced at the
interface between the trapped debris and the sliding bodies. Here, relying on analytical models, we develop
a framework that describes crack growth in a three-body configuration at the particle-surface interface. We
then show that crack growth is favoured within the sliding surfaces, instead of within the debris particle,
and test such result by means of numerical simulations with a phase-field approach to fracture. This leads
to an increase in the wear volume and to debris particle accretion, rather than its break down. The effects
of adhesion, coefficient of friction, and ratio of the applied global tangential and normal forces are also
investigated.
Keywords: wear volume; three-body contact; adhesive wear
1. Introduction
The importance of wear for the performance and durability of mechanical components has been known
for centuries, as the first documented studies of the topic date back to Da Vinci (1490-1499). While his
contributions saw the light only recently and are still to be clearly assessed (Hutchings, 2016), he observed
that the amount of wear was larger when the sliding motion was longer (Da Vinci, 1490-1499), and that
harder materials would wear less (Da Vinci, 1478-1519). The link between these quantities was made much
clearer by Holm (1946) and Archard (1953) in the past century, at least for the case of adhesive wear.
Archard formulated the wear law that still carries his name and that states that the wear volume is linearly
proportional to the sliding distance, the normal load, and the inverse of the hardness of the materials.
The proportionality is governed by the wear coefficient, which is generally constant and is determined
experimentally. According to Archard’s picture, the wear volume steadily increases during adhesive wear
processes, and the wear coefficient describes the probability of two asperities belonging to opposite rough
surfaces to form a debris particle upon collision.
In recent years, extensive experimental (Merkle & Marks, 2008; Liu et al., 2010a,b; Bhaskaran et al.,
2010; Jacobs & Carpick, 2013; Yang et al., 2016) and numerical (Sorensen et al., 1996; Aghababaei et al.,
2016, 2017, 2018) investigations have been carried out to shed light on what happens during such asperity
contacts or collisions, and three possible mechanisms have been identified. When both the normal load
and the adhesion forces are low, atom-by-atom removal takes place (Bhaskaran et al., 2010; Jacobs &
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Carpick, 2013; Yang et al., 2016), while for larger loads and larger adhesion forces, asperities mutually
deform plastically (Merkle & Marks, 2008; Aghababaei et al., 2016), or break in a brittle fashion (Liu et al.,
2010a,b; Aghababaei et al., 2016). The transition from the ductile to the brittle behaviour is determined by a
material-dependent critical length scale (Aghababaei et al., 2016). In the brittle scenario, the asperities form
a debris particle with a well-defined initial volume, which is proportional to the tangential load (Aghababaei
et al., 2017). It has been hypothesized that Archard’s wear coefficient includes the probability of each
asperity junction being smaller or larger than the aforementioned critical length scale, and efforts are made
towards a mechanical description of the wear coefficient (Fre´rot et al., 2018).
This body of work focuses though on two-body contacts, that is two surfaces (the first bodies) come
directly into contact at the asperity level. As soon as a loose debris particle forms, this constitutes the
third body in the system and it is trapped between the two first bodies. Three-body contact then takes
place locally: the debris particle separates the two surfaces, which are each in contact with the particle,
and not directly with one another. Such transition to a three-body contact has been recently found to be
key, for instance, in the evolution of the sliding surfaces into rough self-affine morphology (Milanese et al.,
2019). It is arguable that loose debris particles form since the early stages, and that in the study of wear
a third-body approach is more suitable (Godet, 1984; Berthier et al., 1988; Descartes & Berthier, 2002;
Fillot et al., 2007b). According to this approach, a load-bearing film of rolling third bodies is responsible
for the changes in the rheology of the system, and behaves as a lubricant. This approach is supported
by experimental (Cocks, 1962; Harris et al., 2015; Hintikka et al., 2017) and numerical (Fillot et al., 2005,
2007a; Renouf et al., 2011; Milanese et al., 2019) evidence: the transition to three-body contact is linked,
for instance, to a reduction of the wear rate (Fillot et al., 2005, 2007a; Harris et al., 2015; Hintikka et al.,
2017; Milanese et al., 2019). Similarly, a decrease in gouge-formation rates has been observed in natural
faults (Brodsky et al., 2011) and rock experiments (Boneh et al., 2013). According to some characteristics of
the system (e.g. surface roughness, system size, wear evacuation rate, wear production rate, debris particle
size), the portion of the system where contact happens in a three-body configuration can be more or less
spread.
Finally, recent numerical simulations (Milanese et al., 2019) have shown that the volume of a debris
particle trapped between two surfaces overall increases with time (or, equivalently, the sliding distance),
and particle accretion is generally favoured over deposition of fragments from the particle onto the surfaces.
Inspired by such observations (see Figure 1), we focus here on the wear production during three-body
contact, within a solid mechanics framework. In particular, we show that the stress field in a three-body
contact configuration favours an increase in the wear volume. To this end, the framework of our approach
is presented in Section 2, and in Section 3 the existing contact solutions relevant to our problem are briefly
presented, and they are used to determine the stress field in rolling contact with and without adhesion. In
Section 4, the results of such approach are discussed, and tested with a numerical method. The conclusions
are finally reported in Section 5.
2. Theory
2.1. Approach
In the simplest three-body contact, one wear debris particle is rolling between two surfaces, while in
contact with both of them. The core idea of our approach is to view the rolling motion of the particle as
the opening and closure of two cracks. At the leading edge of the contact, the rolling motion is closing the
crack, while at the trailing edge the crack opens. This approach is inspired by the work of Maugis (1992,
2000), who used a fracture mechanics approach to investigate the adhesive contact of spheres.
In the remaining of the manuscript we focus on the contact between the particle and one of the surfaces,
as the behaviour at the contact with the other surface is quickly derivable with symmetry arguments. Our
approach then implies that the direction of propagation of the opening crack at the trailing edge of contact
determines which of the bodies wears out: the particle or the surface.
In the following Sections, we derive the stress fields due to the rolling contact with adhesion, the prin-
cipal stresses and the crack propagation angle at the trailing edge based on the maximum hoop stress
criterion (Erdogan & Sih, 1963).
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Symbol Expression Description Physical dimension
ξ, η, ζ x/l, y/l, z/l non-dimensional x, y, and z coordinate —
a, b, c — half-width of contact, adhesion, and interaction length
α, β, χ a/l, b/l, c/l non-dimensional half-width of contact, adhesion, and
interaction
—
m χ/α scaled non-dimensional interaction half-width —
λ σ0/s non-dimensional limiting adhesive stresses (Maugis
parameter)
—
l
(
R2w
E∗
)1/3
non-dimensionalizing length length
s
(
wE∗2
R
)1/3
non-dimensionalizing pressure force/area
P0
(
Rw2E∗
)1/3
non-dimensionalizing load force/length
R — cylindrical particle radius length
w — fracture energy energy/area
E∗ — effective elastic modulus force/area
P , T — normal and tangential component of the transmitted
force per unit length
force/length
Z(x), X(x) — transmitted normal and tangential tractions force/area
X ′(x), X ′′(x) — components of the transmitted tangential tractions force/area
µ — Coulomb coefficient of friction —
σij — Cauchy stress force/area
σnij — Cauchy stresses due to Z(x) force/area
σtij — Cauchy stresses due to X(x) force/area
σ1,2 — maximum (1) and minimum (2) principal Cauchy
stresses on the < ξ, ζ > plane
force/area
σ0 — limiting adhesive stresses force/area
σ˜c — limiting non-dimensional tensile stresses —
(˜·) — non-dimensional loads and pressures —
(¯·) — quantities computed at ζ = 0 —
θp — angle between the ξ axis and the direction of the
maximum principal stress
—
θc θp − pi/2 angle between the ξ axis and the direction of crack
propagation
—
ρ — non-dimensional half-width over which X ′′ is applied —
ψ — non-dimensional coordinate of the midpoint of 2ρ —
p˜0 2P˜ /piα maximum value of Z˜(ξ) at the center of the contact
width
—
X˜adh — tangential tractions due to adhesive friction —
τ˜0 X˜adh/2χ non-dimensional adhesive friction tangential stress —
τ˜c — non-dimensional shear strength of the contact inter-
face
—
Table 1: Nomenclature of the main symbols.
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Figure 1: Example of particle accretion observed in 2D molecular dynamics simulations. a-d) The debris particle (identified
by red atoms) is rolling between the two first bodies (a) and adheres to the bottom surface (b); upon continuous rolling, the
trailing edge is being pulled away (c) and material is transferred from the surface to the debris particle (d). e-h) Magnification
of the areas within the dotted black rectangles in panels (a-d). In all panels, colours distinguish atoms originally belonging
to the top (yellow) and bottom (blue) bodies. In panels (a-d), solid black lines represent simulation box boundaries (periodic
boundary conditions are applied), and the arrow indicates the sliding direction of the top body (the bottom body is fixed).
Snapshots are taken at the sliding distance sd expressed in multiples of the atoms equilibrium distance r0. Atom interactions
are all described by the same pair potential (i.e. full adhesion conditions are recovered upon contact). Snapshot are taken from
simulation R1 of Milanese et al. (2019), the reader is referred to such work for more details.
2.2. Framework
We consider the case of two-dimensional contact between two cylinders with their longitudinal axis y
aligned (see Figure 2). In our case we assume that one of the two cylinders has infinite radius of curvature
and represents the surface against which the debris particle is rolling.
Three different types of rolling motion can take place in such conditions (Johnson, 1958, 1987):
• free rolling: if the transmitted resultant force is normal to the contact width;
• tractive rolling: if the transmitted resultant force is not normal to the contact width (i.e. tangential
forces are transmitted, too);
• rolling with spin: if a relative angular velocity along the axis normal to the contact width (ζ-axis in
Figure 2) exists between the cylinder and the surface;
we will consider here the first two types of rolling.
Frame of reference and formalism. Following the common conventions of contact mechanics (Johnson, 1987),
we adopt a frame of reference with the axes centered at the midpoint of the width of the contact area and
orientated as shown in Figure 2. Forces are taken as positive when pointed towards positive values of the
axes direction, the consequent convention for positive values of the stresses being shown in Figure 2.
We then introduce:
• the effective elastic modulus E∗ =
(
1−ν2c
Ec
+
1−ν2s
Es
)−1
, where Ec, νc and Es, νs are the elastic modulus
and Poisson’s ratio of the cylindrical particle and the opposing surface respectively;
• the equivalent curvature 1R = 1Rc + 1Rs , where Rc and Rs are the radius of curvature of the cylindrical
particle and the opposing surface respectively; note that 1R → 1Rc in our case (Rs →∞).
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Throughout the manuscript, the following non-dimensionalization is then adopted1:
α :=
a
l
(1a)
β :=
b
l
(1b)
χ :=
c
l
(1c)
ξ :=
x
l
(1d)
l :=
(
R2w
E∗
)1/3
(1e)
λ :=
σ0
s
(1f)
s :=
(
wE∗2
R
)1/3
(1g)
P˜ :=
P
P0
(1h)
T˜ :=
T
P0
(1i)
P0 :=
(
Rw2E∗
)1/3
(1j)
with a and c the half-width of contact and interaction respectively, σ0 the limiting adhesive stress that
the material can sustain, w the surface energy, P and T the normal and tangential force (per unit length)
transmitted at the contact interface (the main symbols with their meaning and dimensions are summarized
in Table 1).
The particle is assumed to roll towards positive values of ξ, and interacts with the opposite surface
over the width 2χ = 2(α + β), where α is the non-dimensionalized half-width of contact and β is the non-
dimensionalized half-width of adhesion, i.e. the region where the bodies interact through the adhesive forces
even if not directly in contact. When no adhesion is considered, β → 0 and χ→ α.
In the derivation of the stress fields, it is assumed that the contact width is small compared to the
dimensions of the bodies and their radius of curvature. These hypotheses imply (Johnson, 1987) that
strains are small, both bodies can be regarded as half-spaces, both surfaces are continuous, and contact is
non-conforming (i.e. the geometries of the surfaces are dissimilar and contact takes place only at a point or
line prior any deformation, like for a sphere on a plane).
Transmitted forces. The normal and tangential components of the non-dimensionalized transmitted force
(per unit length) P˜ and T˜ are related to the non-dimensionalized normal and tangential tractions Z˜(ξ) and
X˜(ξ) by satisfying equilibrium at the interface:
P˜ =
∫ χ
−χ
Z˜(ξ)dξ (2a)
T˜ =
∫ α
−α
X˜(ξ)dξ (2b)
1 Note that the normalization adopted here differs from that of Maugis (1992) and Baney & Hui (1997). There, some lengths
are non-dimensionalized by l and some others by a, which can be confusing – hence our choice. Here the non-dimensional
parameters are those used by Johnson & Greenwood (2008). The equations of this section and of Section 3 are presented in
the Maugis formalism in Appendix B for the reader who is more familiar with that approach.
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Figure 2: Frame of reference for a body in contact with a half-space (left) and stress directions taken as positive for a
small representative square element at a random point within the bodies (right). Length are non-dimensionalized by l (see
Equations 1a to 1e ): ξ = x/l, ζ = z/l. Note that the signs of the shear stresses are the opposite than in the traditional
continuum solid mechanics frame of reference. Normal stresses are positive when tensile. The η-axis, with η = y/l, is not
displayed and is orthogonal to the < ξ, ζ > plane and pointed toward the reader. θp is the angle between the direction of the
largest principal stress and the axis ξ, θc = θp − pi/2 is the angle between the axis ξ and the crack path (see Section 2.6).
Angles are positive if measured counter-clock wise.
where Z˜(ξ) and X˜(ξ) are the transmitted normal and tangential stress distributions respectively. Z˜(ξ) and
X˜(ξ) have same magnitude and opposite sign on the cylinder and on the half-space surfaces. Note that as
we consider two-dimensional contact, T˜ and X˜(ξ) are aligned with the ξ-axis. Furthermore, it is assumed
that the tangential forces can be transmitted only where the two bodies are in direct contact (i.e. |ξ| ≤ α),
and that the normal forces can be transmitted across the whole interaction width (i.e. |ξ| ≤ χ). Under the
assumption of Coulomb friction, the following conditions need be satisfied:
|T˜ | ≤ µP˜ (3a)
|X˜(ξ)| ≤ µZ˜(ξ) , ∀ξ ∈ [−α, α] (3b)
where µ is the coefficient of friction. Equations 3a and 3b require the Coulomb law to be satisfied globally
and locally, respectively. When the equal sign holds in Equation 3a, slip takes place, while when the equal
sign holds in Equation 3b, sliding takes placeb.
2.3. Adhesive forces: Maugis model
When adhesion is present, tensile stresses normal to the contact interface can be sustained. The two
extreme cases are those of the JKR (Johnson et al., 1971) and the DMT (Derjaguin et al., 1975) theories,
better suitable respectively for the cases of soft materials with high adhesion, and hard materials with low
adhesion. Later, Maugis (1992) developed a comprehensive theory of the adhesion of spheres, which is able
to capture the continuous transition from the JKR to the DMT limit. In his 3D contact model, Maugis
assumes that the part of adhesive forces acting outside the contact area between the sphere and the half-plane
are constant and analogue to the cohesive forces between the lips of a crack, as in Dugdale (1960). These
adhesive forces act within an adhesive ring of length β = χ−α (cf. Figure 2). To study the conditions under
which the crack propagates (or closes), i.e. the contact radius decreases (or increases), the Griffith criterion
b We define slip the relative motion at a point on the contact interface where the two surfaces have different velocities. If
slip takes place at all the points on the contact interface, then we refer to it as sliding or complete slip (Johnson, 1958).
6
for equilibrium G = w is investigated, where G is the energy release rate and w = 2γ is the fracture energy
(i.e. the work necessary to separate two surfaces characterized by the same surface energy γ). By imposing
the equilibrium condition, the Maugis parameterc λ allows to investigate the problem as a function of the
material parameters. When λ → ∞ (soft materials, high adhesion), the adhesive ring vanishes (β → 0),
the inner pressure distribution coincides with the well known JKR limit (Johnson et al., 1971), the adhesive
forces act only within the contact area and go to infinity at the edges of the contact. If λ → 0 (hard
materials, low adhesion), the adhesive ring is infinitely large (β →∞), and the DMT limit (Derjaguin et al.,
1975) is recovered instead.
Maugis approach was later adopted in two dimensions, i.e. for cylinders (Chaudhury et al., 1996; Baney
& Hui, 1997), and the distribution of non-dimensionalized normal tractions in such case is
Z˜(ξ) =

− 1
2
√
α2 − ξ2 + 2λ
pi
arctan
√
χ2 − α2
α2 − ξ2 |ξ| ≤ α
− λ α < |ξ| ≤ χ
0 |ξ| > χ
(4)
The non-dimensionalized contact half-width α is determined by solving the load equation (Johnson &
Greenwood (2008))
P˜ =
pi
4
α2 − 2λα
√
m2 − 1 (5)
where
m :=
χ
α
=
χ
α
· l
l
=
c
a
(6a)
Once α is known as a function of m, m is determined by solving the equation for the cut-off distance at
which the adhesive stresses fall to zero:
λα2g1(m) + λ
2αg2(m) = 1 (7)
where
g1(m) :=
1
2
[
m
√
m2 − 1− cosh−1 (m)
]
(8)
g2(m) :=
4
pi
[
cosh−1 (m)
√
m2 − 1−m ln (m)
]
(9)
and the values of α and χ are eventually found. Following the aforementioned steps, it is possible to fully
determine the non-dimensionalized tractions Z˜(ξ) at the interface. For the details of the derivation we refer
the reader to Maugis (1992); Baney & Hui (1997); Johnson & Greenwood (2008); Wu (2009).
2.4. Tractive rolling forces - Carter model
To the best of our knowledge, no analytical solution for tractive rolling contact in the presence of
adhesive forces have been found yet. Here, we assume that it can be obtained by superposition of the
c The work of Maugis (1992) being in 3D, λ has actually a different expression then the one derived from Eqs. 1e and 1f:
λ3D = 2σ0 ·
(
piwK2/R
)−1/3
, where K = 4/3 · E/ (1− ν2). One can see that λ and λ3D behave the same (cf. Eqs. 1e and 1f),
thus for readability the general notation λ is kept throughout the text also when referring to the 3D case.
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analytical solutions for the normal adhesive contact (described above) and the classical solution for the case
of a cylinder rolling on an elastic half-space (described in the following). Contact then takes place along a
frictional interface (characterized by the friction coefficient µ) and the tangential forces due to the rolling
motion are transmitted between the two bodies along the contact area (|ξ| ≤ α). The problem was first
solved by Carter (1926), with an approach that is conceptually similar to that of Cattaneo (1938) for the
contact of cylinders with partial slip – two tangential distributions of the Hertzian type are superimposed,
so that Coulomb law (Equation 3b) is satisfied everywhere along the contact area.
The two distributions, non-dimensionalized, are
X˜ ′(ξ) =
µ 2P˜piα2
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α
(10a)
X˜ ′′(ξ) =
 − µ 2P˜piα2
√
ρ2 − (ξ − ψ)2 |ξ − ψ| ≤ ρ
0 |ξ − ψ| > ρ
(10b)
where ρ := α−ψ = (1− TµP )1/2 ≤ 1 is the non-dimensionalized half-width over which X˜ ′′(ξ) is applied. Note
that X˜ ′(ξ) = µZ˜(ξ) corresponds to the tangential distribution in the case of sliding, and the superposition
of X˜ ′′(ξ) allows to take into account the stick region (Johnson, 1958). The total tangential tractions at the
interface are then (Johnson (1958), see Figure 4a)
X˜(ξ) = X˜ ′(ξ) + X˜ ′′(ξ) (11)
and are positive when transmitted from the particle to the surface, to oppose the direction of motion. The
Coulomb law (Equations 3) is satisfied both globally and locally.
2.5. Stress field
We now assume that the total Cauchy stress σij(x, y, z), with i, j = x, y, z, is made up of the linear
superposition of two different contributions: σnij due to the normal component of the transmitted force, and
σtij due to the tangential component of the transmitted force. We define then the total non-dimensionalized
stress ¯˜σij(ξ) anywhere along the surface as
¯˜σij(ξ) = ¯˜σ
n
ij(ξ) + ¯˜σ
t
ij(ξ) (12)
where the overbar indicates that the stresses are considered at ζ = 0. The assumption of plain strains
reduces the number of independent components of stress, and in Eq. 12 is ¯˜σyy(ξ) = ν (¯˜σxx(ξ) + ¯˜σzz(ξ)). We
will then not consider explicitly ¯˜σyy(ξ) in the rest of the manuscript.
Furthermore, to satisfy equilibrium and assuming that the tractions Z˜(ξ) and X˜(ξ) are specified inde-
pendently, it is
¯˜σzz(ξ) = ¯˜σ
n
zz(ξ) = −Z˜(ξ)
¯˜σxz(ξ) = ¯˜σ
t
xz(ξ) = −X˜(ξ) .
(13)
and thus the stress state of Equation 12 reduces to
¯˜σxx(ξ) = ¯˜σ
n
xx(ξ) + ¯˜σ
t
xx(ξ)
¯˜σzz(ξ) = ¯˜σ
n
zz(ξ)
¯˜σxz(ξ) = ¯˜σ
t
xz(ξ) .
(14)
In the absence of tangential tractions at the interface, the plain strain assumption in elasticity also
implies that (Johnson, 1987)
¯˜σxx(ξ) = ¯˜σzz(ξ) = −Z˜(ξ) . (15)
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Figure 3: Tractions and stress distributions. The horizontal axis is scaled by α. a) Stresses ¯˜σnij(ξ) due to normal load of the
Maugis type (Equations 16); larger λ values give larger tensile stresses at the edge of contact and smaller adhesive width. b)
Tangential stress ¯˜σtxz(ξ) due to tangential load (Equation 17b); T/µP affects the shape of the distribution (the larger the ratio,
the larger the slip zone), µ scales it. c) Normal stress ¯˜σtxx(ξ) due to tangential load (Equation 17c); T/µP affects the shape of
the distribution, µ scales it. In all the figures P˜ = pi/2.
Stresses due to normal load. From Equations 4, 14 and 15, it follows that the surface stresses due to the
normal component of the force transmitted at the interface are (see Figure 3a)
¯˜σnxx(ξ) = ¯˜σ
n
zz(ξ) =

1
2
√
α2 − ξ2 − 2λ
pi
arctan
√
χ2 − α2
α2 − ξ2 |ξ| ≤ α
λ α < |ξ| ≤ χ
0 |ξ| > χ
¯˜σnxz(ξ) = 0
. (16)
To fully determine ¯˜σnij(ξ) is thus necessary and sufficient to know the non-dimensionalized normal com-
ponent P˜ of the transmitted force and the Maugis parameter λ.
In Equations 4 and 16, no discontinuity is present between the constant value λ of the non-dimensionalized
adhesive forces and the pressure distribution within the contact width, i.e. lim|ξ|→α± ¯˜σzz = λ, and compres-
sive pressures are described at the center and tensile pressures at the edge of the contact. A discontinuity
in the normal stresses is present instead at the edges of the interaction area, where limξ→−χ+ ¯˜σzz = λ 6=
limξ→−χ− ¯˜σzz = 0 (and similarly for ξ → χ−).
Stresses due to tangential load. The stresses due to the transmitted tangential tractions X˜(ξ) are determined
from the superposition of the stresses due to X˜ ′(ξ) and X˜ ′′(ξ), which have the same shape but different
magnitude and opposite sign.
The surface stresses due to the tangential component of force transmitted at the interface are then (see
Figure 4b)
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Figure 4: Construction of the tangential tractions and relative stresses. a) Transmitted tangential tractions X˜(ξ) = X˜′(ξ) +
X˜′′(ξ) (Equations 17); slip takes place over the strip −α ≤ ξ ≤ ψ−ρ, whose size increases with T/µP (cf. Figure 3) and where
is |X˜(ξ)| = µ|Z˜(ξ)|. b) Stresses ¯˜σtij(ξ) due to the tractions X˜(ξ). ±2µp˜0 are the limiting values for ¯˜σtxx(ξ → ∓α) and they are
reached when T/µP → 1. In both figures P˜ = pi/4 and thus α = 1 (cf. Equation 5).
¯˜σtzz(ξ) = 0 (17a)
¯˜σtxz(ξ) = −X˜(ξ) = −X˜ ′(ξ)− X˜ ′′(ξ) =
=
 − µ 2P˜piα2
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α
+
µ 2P˜piα2
√
ρ2 − (ξ − ψ)2 |ξ − ψ| ≤ ρ
0 |ξ − ψ| > ρ
(17b)
¯˜σtxx(ξ) = ¯˜σ
X˜′
xx (ξ) + ¯˜σ
X˜′′
xx (ξ) =
=

− 2µ 2P˜
piα2
ξ |ξ| ≤ α
− 2µ 2P˜
piα2
(
ξ − sgn (ξ)
√
ξ2 − α2
)
|ξ| > α
+
+

2µ
2P˜
piα2
(ξ − ψ) |ξ − ψ| ≤ ρ
2µ
2P˜
piα2
[
ξ − ψ − sgn (ξ − ψ)
√
(ξ − ψ)2 − ρ2
]
|ξ − ψ| > ρ
(17c)
and the effects of µ and T/µP are depicted in Figures 3a and 3b. For the derivation of Equation 17c we
refer the reader to Johnson (1987).
2.6. Crack propagation angle
Once the stress field is determined, the principal stresses are then computed as:
¯˜σ1(ξ) =
¯˜σxx(ξ) + ¯˜σzz(ξ)
2
+
√( ¯˜σxx(ξ)− ¯˜σzz(ξ)
2
)2
+ ¯˜σ2xz(ξ) (18)
¯˜σ2(ξ) =
¯˜σxx(ξ) + ¯˜σzz(ξ)
2
−
√( ¯˜σxx(ξ)− ¯˜σzz(ξ)
2
)2
+ ¯˜σ2xz(ξ) (19)
such that ¯˜σ1(ξ) ≥ ¯˜σ2(ξ) for all ξ.
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Figure 5: Mohr diagram (left) for a generic stress state (centre) and principal stresses directions (right). According to Mohr’s
convention, shear stresses are positive when rotating the representative square clockwise.
The stress field ¯˜σij(ξ, η, ζ) at a given point can be visualized in the Mohr plane (Figure 5), following
the convention that shear stresses are positive when rotating the representative square clockwise. This
implies that ¯˜σxz has opposite sign in the Mohr plane with respect to the contact mechanics convention (cf.
Section 2.2 and Figure 2). Note that for the problem at hand ¯˜σxy = ¯˜σyz = 0 (because of symmetry) and η
is the principal direction of the principal stress ¯˜σ3 ≡ ¯˜σyy ∀ξ. The other two principal directions lie then on
the < ξ, ζ > plane and they can be determined by analysing only the stresses ¯˜σxx, ¯˜σzz, and ¯˜σxz
d.
The angle θp between the direction of the largest principal stress ¯˜σ1(ξ) and the ξ-axis (cf. Figure 2) is
then
θp(ξ) =
−
sgn(¯˜σxz(ξ))
2 · arctan
(
2|¯˜σxz(ξ)|
¯˜σxx(ξ)−¯˜σzz(ξ)
)
¯˜σxx(ξ) ≥ ¯˜σzz(ξ)
− sgn(¯˜σxz(ξ))2 ·
[
pi + arctan
(
2|¯˜σxz(ξ)|
¯˜σxx(ξ)−¯˜σzz(ξ)
)]
¯˜σxx(ξ) < ¯˜σzz(ξ)
. (20)
Hence the angle θc between the direction of crack propagation and the ξ-axis (cf. Figure 2) is
θc(ξ) = θp(ξ)− pi
2
. (21)
In the next sections and in Appendix A we will see how it is always the case that ¯˜σxy(ξ → −χ+) ≤ 0,
and thus −pi2 ≤ θc ≤ 0: crack propagation within the half-space is favoured over crack propagation inside
the particle.
Finally, we assume that the rolling motion is equivalent to applying the following infinitesimal stresses
(δσ˜ being positive): {
δσ˜ > 0 if − χ ≤ ξ ≤ −α
−δσ˜ < 0 if α ≤ ξ ≤ χ (22)
According to the fracture mechanics picture of contact introduced by Maugis (1992), this leads to closing
the crack at the leading edge and opening it at the trailing edge — the particle now rolls towards positive
values of ξ.
3. Calculation
In the present section we present the surface stresses from Section 2 for the most general case only:
tractive rolling with adhesion. A detailed discussion on the crack propagation angle and on the influence
d While we focus here only on the surface stress ¯˜σij(ξ), these arguments hold for the general stress state σ˜ij(ξ, η, ζ) in the
problem at hand, i.e. σ˜xy = σ˜yz = 0 always and σ˜3 ≡ σ˜yy ∀(ξ, η, ζ), η is principal direction, and the other two directions
always lie on the < ξ, ζ > plane.
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Figure 6: Stress ¯˜σxx(ξ) in the case of tractive rolling with adhesion. The horizontal axis is scaled by α. a) Effect of the
Maugis parameter λ for constant values of the friction coefficient and of the ratio between the transmitted tangential force and
the limiting frictional force (here: µ = 0.5 and T/µP = 0.5). b) Effect of the friction coefficient µ for constant values of the
Maugis parameter and of the ratio between the transmitted tangential force and the limiting frictional force (here: λ = 1 and
T/µP = 0.5). c) Effect of the ratio T/µP between the transmitted tangential force and the limiting frictional force for constant
values of the Maugis parameter and of the coefficient of friction (here: λ = 1 and µ = 0.5). In all the figures P˜ = pi/4.
of the various parameters is reported in Section 4. Three more cases, that is free rolling with and without
adhesion and tractive rolling without adhesion, are reported and discussed in Appendix A.
When adhesion is present and the transmitted force has a tangential component, the stress state is given
by Equations 14, with ¯˜σnij(ξ) given by Equations 16 and with ¯˜σ
t
ij(ξ) given by Equations 17:
¯˜σzz(ξ) =

p˜0
α
√
α2 − ξ2 − 2λ
pi
arctan
√
χ2−α2
α2−ξ2 |ξ| ≤ α
λ α < |ξ| ≤ χ
0 |ξ| > χ
¯˜σxx(ξ) =

− p˜0α
(√
α2 − ξ2 − 2µξ
)
− 2λ
pi
arctan
√
χ2−α2
α2−ξ2 |ξ| ≤ α
−2µ p˜0α
(
ξ − sgn (ξ)
√
ξ2 − α2
)
+ λ α < |ξ| ≤ χ
−2µ p˜0α
(
ξ − sgn (ξ)
√
ξ2 − α2
)
|ξ| > χ
+
+
2µ
p˜0
α (ξ − ψ) |ξ − ψ| ≤ ρ
2µ p˜0α
[
ξ − ψ − sgn (ξ − ψ)
√
(ξ − ψ)2 − ρ2
]
|ξ − ψ| > ρ
¯˜σxz(ξ) =
{
−µ p˜0α
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α +
{
µ p˜0α
√
ρ2 − (ξ − ψ)2 |ξ − ψ| ≤ ρ
0 |ξ − ψ| > ρ
(23)
where p˜0 :=
2P˜
piα =
α
2 is the pre-factor written in the classical Hertz convention (cf. Equation 5, with m→ 0)
and represents the maximum value of the tractions at the center of the contact width. The distributions of
¯˜σzz(ξ) and ¯˜σxz(ξ) are depicted in Figures 3a and 3b, ¯˜σxx(ξ) in Figure 6. Note that the non-dimensionalized
load P˜ , the friction coefficient µ and the ratio T/µP need to be known to fully determine the stress field
¯˜σij(ξ).
4. Results and discussion
In this section we examine the principal stresses that arise from the stress field derived in Section 3 and
their principal direction. From that, we can determine the direction of crack propagation (cf. Equations 20
and 21). We will finally discuss the effects of different geometries and material parameters on the crack
propagation angle.
Figures 7a and 7b show the maximum principal stress ¯˜σ1(ξ) due to the stress field derived in section 3
(Eqs. 23). The stress is tensile in a region around both the leading and trailing edge, its maximum being
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at the trailing edge (ξ = −α). If ¯˜σ1(−α) ≥ σ˜c, where σ˜c is the limiting tensile resistance of the material,
the crack can propagate with an angle θc, where θc is fully determined by the stress state and, ahead of the
crack tip, is always −pi/2 < θc ≤ 0 (see Figures 7c and 7d). Alternatively, the crack can propagate also
along the contact interface, if ¯˜σzz(−α) = λ, i.e. if the tensile stress along the direction normal to the surface
is equal to the interface strength λ. We now investigate when one or the other scenario prevails.
In the process zone ahead of the crack tip, it is always ¯˜σzz(ξ) < λ (cf. Eq. 23): this implies that whenever
in this region the principal stress ¯˜σ1 is larger than or equal to the material strength σ˜c, the crack propagates
within the bulk with an angle θc > −pi/2.
When this is not the case, the stress state at ξ = −α determines if the crack propagates along the
interface or within the bulk. Here, if the principal stress ¯˜σ1(−α) is smaller than the material strength σ˜c,
the crack propagates along the interface. If instead is ¯˜σ1(−α) > σ˜c, the crack propagates within the bulk if
¯˜σ1(−α)
σ˜c
>
¯˜σzz(−α)
λ
. (24)
The effects of friction on the criterion of Eq. 24 is then of particular interest. Larger values of µ imply
in fact larger values of ¯˜σ1(ξ) (see Eq. 23 and Figure 7a), thus enhancing crack propagation within the bulk.
A similar trend is also expected for increasing values of T/µP , although the effects of a variation of such
parameter appear negligible compared to those of µ (cf. Figure 7b).
Note that, if the crack propagates along the interface, neither the rolling particle nor the surface are
worn. If the crack propagates within the bulk, detachment of material from the surface takes place, and the
particle grows in size.
4.1. Effect of cylinder radius
The value of the radius of the cylinder affects the value of the contact width, through the load equation
(Eq. 5) and the non-dimensionalization of Equations 1. The positive solution for α of Equation 5 is
α =
2
pi
[
2λ
√
m2 − 1 +
√
piP˜ + 4λ2 (m2 − 1)
]
(25)
which scales with R as (cf. non-dimensionalizations 1e to 1h, and 1j)
α ∼ σ0R1/3 +
√
PR−1/3 + σ0R2/3 . (26)
The contact width a thus scales as (cf. non-dimensionalizations 1a)
a ∼ R2/3
(
σ0R
1/3 +
√
PR−1/3 + σ0R2/3
)
(27)
and it always increases for increasing values of R (holding the other parameters unchanged). Simple examples
are the cases of zero applied load (P = 0), for which a ∼ R, and the Hertzian limit (σ0 = 0), for which
a ∼ R1/2.
For a given set of parameters, an increase in the contact width leads to lower values of the principal
stress σ¯1(ξ): following from Equations 1g, the true principal stress at the interface is in fact expressed as
σ¯1(ξ) = s · ¯˜σ1(ξ) =
(
wE∗2
R
)1/3
· ¯˜σ1(ξ) (28)
and when R increases, the true principal stress σ¯1(ξ) generally decreases. Ahead of the crack tip, a reduction
in the true principal stress σ¯1(ξ) implies that there exists a crossover value R× such that, for all R ≥ R×,
σ¯1(ξ) < σc, and the crack propagation is governed by the stress state for ξ = −α.
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Figure 7: Maximum principal stress ¯˜σ1(ξ) and crack propagation angle θc along the interface in the case of tractive rolling
with adhesion. The horizontal axis is scaled by α. a) Effect of the friction coefficient µ on ¯˜σ1(ξ) for constant values of the
Maugis parameter and of the ratio between the transmitted tangential force and the limiting frictional force (here: λ = 1 and
T/µP = 0.5). b) Effect of the ratio T/µP on ¯˜σ1(ξ) for constant values of the Maugis parameter and of the coefficient of friction
(here: λ = 1 and µ = 0.5). c) The friction coefficient µ has no effect on θc (all the curves superpose), for constant values of the
Maugis parameter and of the ratio between the transmitted tangential force and the limiting frictional force (here: λ = 1 and
T/µP = 0.5). d) Effect of the ratio T/µP on θc for constant values of the Maugis parameter and of the coefficient of friction
(here: λ = 1 and µ = 0.5).
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In this case, the value of the true stress σ¯zz(−α) is not affected by a change in R, as it is always given
by the limiting adhesive stresses σ0:
σ¯zz(−α) = s · λ = s · σ0
s
= σ0 . (29)
We can now rewrite the criterion of Eq. 24 in terms of true stresses:
σ¯1(−α)
σc
>
σ¯zz(−α)
σ0
, (30)
and the only value that changes in Eq. 30 when R increases is σ¯1(−α), which decreases, and it is thus harder
to satisfy the criterion for crack propagation within the bulk: the probability of crack propagation along the
interface thus increases.
To recap, for small values of R, crack propagation is more likely within the bulk, and for large values of
R, crack propagation is more likely along the interface. If a particle then exhibits continuous growth during
the rolling motion in the wear process, such growth is expected to decrease over time (as R increases).
4.2. Effect of Maugis parameter
The Maugis parameter is (cf. Equations 1f and 1g)
λ = σ0
(
R
wE∗2
)1/3
(31)
and it affects the magnitude of the tensile stresses at the trailing edge: larger values of λ imply larger values
of ¯˜σ1(ξ = −α) and a higher chance of reaching the material resistance σ˜c (cf. criterion of Eq. 24). Large, soft
bodies with strong adhesion (λ→∞, JKR limit) favour then crack propagation within the bulk (instead of
along the interface) more than small, hard bodies with low adhesion (λ→ 0, DMT limit).
4.3. Effect of load
An increase in the applied load P alone does not lead to an increase of ¯˜σzz(ξ) (the values being capped
by λ which depends on the material and the geometry, not on the loading conditions), but it does allow
for larger tensile stresses ¯˜σtxx(ξ) due to the tangential component of the force transmitted at the interface
(see Eq. 17c). This is a consequence of the assumption of Coulomb friction, and it leads to larger principal
stresses ¯˜σ1(ξ → −α) and thus a higher likelihood of damage within the bulk. The trend of θc(ξ/a) does not
change.
4.4. Effect of friction
Coefficient of friction. For a given value of T/µP , the effect of the coefficient of friction µ is simply to scale
the tractions X(ξ) (cf. Equations 10) and thus larger values of µ leads to larger stresses ¯˜σ1(ξ = −α) (see
Figures 7 and A.2), extending the tensile zone ahead of the trailing edge and favouring crack propagation
within the bulk (as the trend of θc(ξ/a) is not affected by the value of µ, see Figure 7c).
Transmitted forces ratio. For a given value of µ, the ratio T/µP between the transmitted tangential force
and the maximum frictional force changes the trend in θc(ξ/a). Larger values of the ratio gives a larger
tensile zone ahead of the trailing edge and a softer decrease in the values of θc with ξ/α (see Figures 7
and A.2). This favours crack propagation within the bulk as large values of |θc| are encountered in the
process zone.
In the limiting case of µ→∞, it is T/µP → 0, ψ → 0, limξ→−χ− θc → −pi/2 and limξ→−χ+ θc → −pi/4.
The crack propagation angle ahead of the trailing edge is thus the smallest. In the most general case is then
−pi/2 < θc(ξ → α+) ≤ pi/4.
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Adhesive friction. Throughout the manuscript we assumed Coulomb friction. This is not strictly true when
adhesion is strong, as is the case at small scales, where the frictional force is proportional to the true contact
area instead (Bowden & Tabor, 2001; Mo et al., 2009) and the linear proportionality with the normal load is
lost (Mo et al., 2009). In a first approximation, when such contribution prevails, we can replace the tractions
of Equation 11 with the distribution
X˜adh(ξ) =
{
τ˜0 |ξ| ≤ χ
0 |ξ| > χ (32)
where τ˜0 is simply the stress due to the applied tangential force if it is equally distributed over the interaction
width 2χ. The latter coincides with the true contact area in our case, defined as the area over which the
two bodies interact (Mo et al., 2009). Note that in this case the tangential distribution is applied over the
whole interaction area, as it is assumed that tangential forces are sustained also where the two bodies are
not in direct contact, as long as they interact with one another (Mo et al., 2009). Equation 2b becomes then
T˜ =
∫ χ
−χ
X˜adh(ξ)dξ . (33)
and, to prevent sliding and slip, is limited by Equations 3 which now read
|T˜ | ≤ 2χτ˜c (34)
|X˜adh(ξ)| ≤ τ˜c , ∀ξ ∈ [−χ, χ] (35)
where τ˜c is a non-dimensional effective shear strength of the contact interface.
The stress distribution ¯˜σtxx(ξ) for a constant tangential load is (Johnson, 1987)
¯˜σtzz(ξ) = 0
¯˜σtxx(ξ) =
2τ˜0
pi
ln
(
ξ − χ
ξ + χ
)
¯˜σtxz(ξ) =
{
−τ˜0 |ξ| ≤ χ
0 |ξ| > χ
(36)
which leads to a positive infinite value of ¯˜σtxx(ξ = −χ) (the singularity is negative for ξ = χ). We argue
that such singularity may result in local plastification, but not crack propagation, as the crack tip is further
ahead at ξ = −α.
The effects of the distribution of Equation 36 on the maximum principal stress and on the crack propa-
gation angle are depicted in Figure 8. With respect to the Coulomb friction case, ¯˜σ1(ξ) changes significantly,
and it shows a positive infinite value at ξ = −α independently of the value of τ˜0. The angle θc is still in
the interval [−pi/2, 0], but its value is smaller at ξ = α than the Coulomb case. Adhesive friction is thus
expected to lead to damage in a region closer to the surface.
Similarly to µ for the Coulomb friction case, τ˜0 has the effect of scaling the magnitude of ¯˜σ1(ξ) leaving
θc unchanged.
In the most general case, the tangential tractions X˜ should include a term X˜µ for the Coulomb friction
and a second term X˜τ˜0 for the adhesive friction, leading to an expression of the type (Carkner et al., 2010)
X˜(ξ) = X˜µ
(
µ, P˜ , α
)
+ X˜τ˜0 (τ˜0, χ) (37)
where one term or the other can prevail according to the material properties and the scale of the problem.
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Figure 8: Maximum principal stress ¯˜σ1(ξ) and crack propagation angle θc along the interface in the case of tractive rolling
with adhesion, with adhesive friction. The horizontal axis is scaled by α. a) Effect of the applied constant tangential stress τ˜0
on ¯˜σ1(ξ). b) The magnitude of the applied constant tangential stress τ˜0 has no effect on θc (all curves superpose). In all the
figures P˜ = pi/4 and λ = 1.
4.5. Effect of pre-existing surface flaws
So far we assumed that the contact interface is continuous and homogeneous, the crack tip is located at
ξ = −α, and the crack propagates with an angle θc if ¯˜σ1(ξ) ≥ σ˜c in the proximity of the crack tip. If it is
always ¯˜σ1(ξ) < σ˜c, we can assume that rolling takes place without damaging the particle nor the surface,
i.e. ¯˜σzz(ξ = −α) = λ, the interface adhesive resistance λ is overcome, and the crack propagates along the
contact interface. In other words, the tensile resistance λ of the contact interface is reached before the tensile
resistance σ˜c of the bulk material.
On the other hand, the frame of reference moves with the contact interface: the surfaces of the cylinder
and of the opposing surface flowing through it. This means that a point belonging to the surface goes
through different stress states, from right to left in our stress diagrams, and the tensile resistance σ˜c of the
material can be reached at such points before they reach ξ = −α. This has two consequences: First, if no
surface flaw exists, the crack always propagates in the bulk with an angle θc > −pi/2, as soon as the material
point reaches a high enough stress within the process zone. Second, if a surface flaw exists at the material
point, a secondary crack may propagate before the point reaches ξ = −α. The secondary crack still always
propagates within the bulk (cf. θc trends in previous sections and in Appendix A), but at a lower angle,
possibly leading to damage which is closer to the surface.
4.6. Numerical validation
Methods. Several numerical methods to model fracture are available in the literature, and are often divided
into local and non-local approaches, depending on the crack propagation criterion. The extended finite
element method (Moe¨s et al., 1999) and cohesive zone models (Dugdale, 1960; Barenblatt et al., 1962) are
examples of local models, where the criterion for crack propagation is applied at the tip of an existing crack
or notch, and the crack is represented by a strong discontinuity in the material. In non-local methods, the
crack is modelled instead as a continuous field: examples of such approaches are thick level sets (Moe¨s et al.,
2011) and phase-field approaches (Francfort & Marigo, 1998). In the current work we adopted a phase-field
approach, as it is based on a global energy minimization that takes into account of the energy needed to
create new surfaces. This is possible because of the Γ-convergence of the method (Ambrosio & Tortorelli,
1990), that allows to compute the fracture energy with an integral over the volume of the whole system
instead of an integral over the crack surface (which is unknown). Another important feature of the approach
is that the crack path is mesh independent.
The phase-field approach is based on Griffith (1921) energy criterion for crack propagation, which states
that, as the free energy of a system remains constant, the creation of new surfaces within a body takes place
at the expenses of the potential energy of said body:
17
E(ui, d) = Eel(ui, d) + Efrac(d)−Wext(ui, d) , (38)
where ui and d are the displacements and damage field, E , Eel and Efrac indicate the free, elastic strain and
fracture energies respectively, and Wext is the work done by the external forces on u. An increase in Efrac is
then possible only with concurrent reduction of the potential energy Epot = Eel −Wext. No kinetic energy
appears in Eq. 38 as we are interested in a quasi-static approach, but extension of the method to include
dynamics effects exist (Li et al., 2016; Bleyer et al., 2017). The introduction of a continuous damage field
d (with d ∈ [0, 1]) in the phase-field approximation allows to represent the damage in the material, from
intact (d = 0) to fully damaged material (d = 1). The fracture energy is then expressed as
Efrac(d) =
∫
Ω
wΓ(d)dΩ , (39)
where w is the fracture energy, Ω is the investigated body, and Γ(d) the crack density functional introduced
by the phase-field theory. Different expressions of Γ(d) have been developed (Borden et al., 2014; Tanne´
et al., 2018) – in our simulations we adopt the second order functional AT2 (Tanne´ et al., 2018):
Γ(d) =
1
4l0
(
d2 + 4l20 |∇d|2
)
, (40)
where l0 is a regularization length scale and ∇ is the gradient operator. To allow the crack to propagate only
under tension (and not under compression), the elastic strain energy density in the phase-field approach is
expressed as
Ψel(εij , d) = (1− d)2 Ψ+el(εij) + Ψ−el(εij) , (41)
where (Miehe et al., 2010)
Ψ±el(εij) =
λ′
2
〈εii〉2± +Gε2±ii , (42)
with λ′ and G the Lam first parameter and the shear modulus respectively, 〈•〉± = (• ± |•|) /2. Note
that other splits of Ψel(εij , d) are possible (Li et al., 2016; Bleyer et al., 2017). By substituting Eq. 39
and 41 in Eq. 38, the variational formulation of the phase-field approach is obtained. Numerically, the finite
element method is used to discretize the system, and the free energy is minimized for (ui, d) with a staggered
scheme (Pham et al., 2017; Ambati et al., 2015). For each load increment, first the linear elastic problem
is solved for the given values of the damage d, obtaining the updated values of the displacements ui. These
values of ui are then used to solve the phase-field problem and update the values of d, that are in turn used
in the next solution of the linear elastic problem, and so on, until the values of d and ui converge. The load
is then incremented again. The phase-field and the finite element methods are available in the finite element
library Akantu (Richart & Molinari, 2015).
Simulation. The analytical prediction that the crack propagates within the bulk and not within the rolling
particle has been tested with a numerical approach. A simplified geometry is then considered, where a
cylinder in contact with a half-plane is modelled as one body, with no discontinuity along the contact
interface (Figure 9a). The half-plane is represented by a large enough rectangular shape. The rolling motion
is represented by applying a uniform horizontal displacements to the bottom and to the sides of the half-
plane, and by fixing the center of mass of the cylinder. This choice allows the cylinder boundary to be
stress-free. Details of the input parameters are provided in Table 2. The fracture process is modelled by
means of the phase-field approach described in the previous paragraph.
The results of the simulation are presented in Figures 9b-c. The crack propagates from the trailing to
the leading edge, consistently with the rolling motion of a cylinder that advances towards positive values
of the horizontal axis. The crack also propagates within the half-plane, as it is correctly predicted by our
analytical model, until it reaches the leading edge. The phase-field model ensures that the crack path does
not depend on the mesh.
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Parameter Value
E 1.0
ν 0.25
w 0.1
l0 0.01
hmin 0.002
R 10
lx 30
ly 15
displacement rate 0.01
number of steps 2500
Table 2: Parameters adopted for the numerical simulations. All values are in dimensionless units; lengths are non-
dimensionalized by the half-width of contact. hmin is the value of the minimum mesh size, which extends over a stripe of
thickness 1.8 along the contact interface. This ensures the ratio l0/hmin = 5 which allows to correctly represent the crack
thickness (Tanne´ et al., 2018). lx and ly are half-plane dimensions along the horizontal and vertical direction respectively.
c
b
x
z
lx
ly
2a
R
a
Figure 9: Discretized geometry (a) for the phase-field simulations and damage evolution (b-c). Note that the frame of reference
of the finite element library Akantu follows the traditional continuum mechanics one, thus differing from the contact mechanics
adopted throughout the manuscript (Figure 2). b) Crack develops at the trailing edge of the contact interface and propagates
with an angle θc < 0. c) At large loads, the crack bends back towards the leading edge. In both picture the white horizontal
line refers to z = 0.
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5. Conclusions
We have presented a framework to investigate wear formation and growth in a three-body contact
configuration, where all bodies have the same material properties. This framework is inspired by the work
of Maugis and sees the rolling motion as the opening of a crack at the trailing edge (and the closure of a
crack at the leading edge). The direction of propagation of the opening crack determines from which body
the material is removed in the wear process. We derive the full stress state at the surface in the free rolling
and tractive rolling cases, with and without adhesion. If no tangential force is transmitted at the contact
interface, the crack propagates along the interface and no wear is expected. If the resultant transmitted force
has a tangential component, which opposes the direction of motion, the crack always propagates within the
opposing surface, and never within the third-body. The effects of the particle size, the Maugis parameter,
the frictional parameters, the adhesive friction, and surface flaws are also investigated. The trend of crack
propagation within the bulk that we observe in our simplified model helps understanding recent observations
revealing the growth of wear particles with time.
Appendix A. Further cases
In this appendix, the cases of free rolling with and without adhesion and the case of tractive rolling
without adhesion are discussed.
A.1. Calculation
When no adhesion is present (β → 0 and λ→ 0)e, the classical Hertzian case (Hertz, 1882) is recovered
and Maugis normal tractions distribution reduces to (cf. Equation 4, Figure A.1):
Z˜(ξ) =
{
p˜0
α
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α (A.1)
where p˜0 is the pre-factor written in the classical Hertz convention (cf. Equation 23).
A.1.1. Free rolling without adhesion
If no tangential load is transmitted, i.e. X(ξ) = 0, the rolling motion is free, the tractions at the
interface are fully given by Equation A.1, and the stresses ¯˜σij(ξ) are those due to pure Hertzian contact (cf.
Equations 14 and 15):
¯˜σzz(ξ) = ¯˜σ
n
zz(ξ) =
{
− p˜0α
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α
¯˜σxx(ξ) = ¯˜σ
n
xx(ξ) = ¯˜σzz(ξ)
¯˜σxz(ξ) = ¯˜σ
n
xz(ξ) = 0
. (A.2)
¯˜σxx(ξ) and ¯˜σzz(ξ) are then also principal stresses (cf. Equation 18), the stress state is hydrostatic, and all
directions are principal directions.
e Note that both assumptions on β and λ are needed. If only vanishing adhesive stresses are assumed (λ→ 0), then m→∞
is admissible and the DMT limit is recovered. If only vanishing adhesive half-width is assumed (β → 0), then λ → ∞ is
admissible and the JKR limit is recovered.
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Figure A.1: Stress ¯˜σxx(ξ) in the case of tractive rolling without adhesion. The horizontal axis is scaled by α. a) Effect of the
friction coefficient µ for constant values of the ratio between the transmitted tangential force and the limiting frictional force
(here: T/µP = 0.5). b) Effect of the ratio T/µP between the transmitted tangential force and the limiting frictional force for
constant values of the coefficient of friction (here: µ = 0.5). In all the figures P˜ = pi/4 and thus α = 1 (cf. Equation 5, with
m→ 1, λ→ 0 without adhesion.). µ = 0 coincides with the Hertzian case, for which also holds ¯˜σzz(ξ) = ¯˜σxx(ξ).
A.1.2. Tractive rolling without adhesion
When the transmitted force has a tangential component, the stress state is given by Equations 14, with
¯˜σnij(ξ) given by Equations A.2 in absence of adhesion and ¯˜σ
t
ij(ξ) by Equations 17 (see Figure A.1):
¯˜σzz(ξ) =
{
− p˜0α
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α
¯˜σxx(ξ) =
−
p˜0
α
(√
α2 − ξ2 − 2µξ
)
|ξ| ≤ α
−2µ p˜0α
(
ξ − sgn (ξ)
√
ξ2 − α2
)
|ξ| > α
+
+
2µ
p˜0
α (ξ − ψ) |ξ − ψ| ≤ ρ
2µ p˜0α
[
ξ − ψ − sgn (ξ − ψ)
√
(ξ − ψ)2 − ρ2
]
|ξ − ψ| > ρ
¯˜σxz(ξ) =
{
−µ p˜0α
√
α2 − ξ2 |ξ| ≤ α
0 |ξ| > α +
+
{
µ p˜0α
√
ρ2 − (ξ − ψ)2 |ξ − ψ| ≤ ρ
0 |ξ − ψ| > ρ
. (A.3)
Note that in this case, besides the non-dimensionalized load P˜ , (as for free rolling without adhesion,
Section A.1.1), it is necessary to know µ and T/µP to determine the stresses ¯˜σij(ξ).
A.1.3. Free rolling with adhesion
In the case of adhesion, the general expression of the Maugis tractions of Equations 4 is used. As
in Section A.1.1, no tangential traction is transmitted and is X(ξ) = 0. The surface stresses are then
exactly those of Equations 16 and are fully determined once the non-dimensionalized load P˜ and the Maugis
parameter λ are known. Also in this case ¯˜σxx(ξ) and ¯˜σzz(ξ) are principal stresses (cf. Equation 18), the
stress state is hydrostatic, and all directions are principal directions.
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Figure A.2: Maximum principal stress ¯˜σ1(ξ) and crack propagation angle θc along the interface in the case of tractive rolling
without adhesion. The horizontal axis is scaled by α. a) Effect of the friction coefficient µ on ¯˜σ1(ξ) for constant values of the
ratio between the transmitted tangential force and the limiting frictional force (here: T/µP = 0.5). b) Effect of the ratio T/µP
on ¯˜σ1(ξ) for constant values of the coefficient of friction (here: µ = 0.5). c) The friction coefficient µ has no effect on θc (all
the curve superpose), for constant values of the ratio between the transmitted tangential force and the limiting frictional force
(here: T/µP = 0.5). d) Effect of the ratio T/µP on θc for constant values of the coefficient of friction (here: µ = 0.5). In all
the figures P˜ = pi/4 and thus α = 1 (cf. Equation 5).
A.2. Results and discussion
A.3. Free rolling without adhesion
From the stress state derived in section A.1.1, at the trailing edge is ¯˜σxx(−α) = ¯˜σzz(−α) = ¯˜σxz(−α) = 0.
As all directions are principal, the crack will open along the weakest plane – which normally is the contact
interface.
A.4. Tractive rolling without adhesion
Figures A.2a and A.2b show the maximum principal stress ¯˜σ1(ξ) due to the stress fields derived in
section A.1.2. The stress is maximum at the trailing edge (ξ = −α), and is positive (tensile stress) over a
region around the trailing edge. If ¯˜σ1(−α) > σ˜c, σ˜c being the maximum tensile stress that the material can
sustain, the crack propagates with an angle θc. Such angle is fully determined by the stress state, and is
represented in Figures A.2c and A.2d, and is always −pi/2 < θc(ξ/a) ≤ 0 ahead of the crack tip (i.e. for all
ξ > −α). The crack thus always propagates within the bottom material or along the contact interface, the
actual angle depending on the size of the process zone.
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A.5. Free rolling with adhesion
From the stress state derived in section A.1.3, at the trailing edge is ¯˜σxx(−α) = ¯˜σzz(−α) = λ and
¯˜σxz(−α) = 0. Similarly to the case of free rolling without adhesion (Section A.3), all directions are principal,
the crack will open along the weakest plane – which normally is the contact interface.
Appendix B. Maugis formalism
Here we re-derive the equations presented in Sections 2 and 3 following Maugis formalism. In such
context, only the contact half-width a is non-dimensionalized by the parameter l (cf. Equations 1a and 1e),
while the other lengths are non-dimensionalized by a itself. Stresses are then plotted as a function of x/a.
Note that such scaling for the stresses gives the same plots reported in the main body of the manuscript as
ξ/α = x/a. Also, the procedure in deriving the crack propagation angles θc is not affected by the formalism,
and all the arguments and the results reported in the main manuscript hold unchanged.
In the following, we define x˜ := x/a, and all the parameters already introduced in the manuscript keep
the same meaning.
B.1. Theory
B.1.1. Normal and tangential tractions
Equations 2 and 3 in the Maugis formalism are:
P˜ =
∫ m
−m
Z˜(x˜)dx˜ (B.1a)
T˜ =
∫ 1
−1
X˜(x˜)dx˜ (B.1b)
|T˜ | ≤ µP˜ (B.1c)
|X˜(x˜)| ≤ µZ˜(x˜) (B.1d)
Equations 4 for the Maugis tractions become
Z˜(x˜) =

− α
2
√
1− x˜2 + 2λ
pi
arctan
√
m2 − 1
1− x˜2 |x˜| ≤ 1
− λ 1 < |x˜| ≤ m
0 |x˜| > m
(B.2a)
The distributions for the tangential load (Equations 10) are
X˜ ′(x˜) =
µ2P˜piα
√
1− x˜2 |x˜| ≤ 1
0 |x˜| > 1
(B.3a)
X˜ ′′(x˜) =
 − µ2P˜piα
√
ρ˜2 −
(
x˜− ψ˜
)2
|x˜− ψ˜| ≤ ρ˜
0 |x˜− ψ˜| > ρ˜
(B.3b)
where ρ˜ = ra = 1− ψ˜ = (1− TµP )1/2 ≤ 1 is the non-dimensionalized half-width over which X˜ ′′(x˜) is applied.
The total tangential tractions at the interface are then (Johnson, 1958)
X˜(x˜) = X˜ ′(x˜) + X˜ ′′(x˜) (B.4)
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B.1.2. Stress field
Equations 12 to 15 holds just by replacing ξ with x˜.
Stresses due to normal load. The surface stresses due to the normal component of the force transmitted at
the interface are then
¯˜σnxx(x˜) = ¯˜σ
n
zz(x˜) =

α
2
√
1− x˜2 − 2λ
pi
arctan
√
m2 − 1
1− x˜2 |x˜| ≤ 1
λ 1 < |x˜| ≤ m
0 |x˜| > m
(B.5a)
¯˜σnxz(x˜) = 0 . (B.5b)
To fully determine ¯˜σnij(x˜) is thus necessary and sufficient to know the non-dimensionalized normal com-
ponent P˜ of the transmitted force and the Maugis parameter λ.
Stresses due to tangential load. The surface stresses due to the tangential component of force transmitted
at the interface are now (cf. Equations 17)
¯˜σtzz(x˜) = 0 (B.6a)
¯˜σtxz(x˜) = −X˜(x˜) = −X˜ ′(x˜)− X˜ ′′(x˜) =
=
{
− µp˜0
√
1− x˜2 |x˜| ≤ 1
0 |x˜| > 1 +
µp˜0
√
ρ˜2 −
(
x˜− ψ˜
)2
|x˜− ψ˜| ≤ ρ˜
0 |x˜− ψ˜| > ρ˜
(B.6b)
¯˜σtxx(x˜) = ¯˜σ
X˜′
xx (x˜) + ¯˜σ
X˜′′
xx (x˜) =
=
{ − 2µp˜0x˜ |x˜| ≤ 1
− 2µp˜0
(
x˜− sgn (x˜)
√
x˜2 − 1
)
|x˜| > 1 +
+

2µp˜0(x˜− ψ˜) |x˜− ψ˜| ≤ ρ˜
2µp˜0
[
x˜− ψ˜ − sgn
(
x˜− ψ˜
)√(
x˜− ψ˜
)2
− ρ˜2
]
|x˜− ψ˜| > ρ˜
(B.6c)
where the relation p˜0 =
2P˜
piα has been used. For the derivation of Equations B.6c we refer the reader
to Johnson (1987).
B.2. Calculation
We report here the general cases of tractive rolling, with and without adhesion, as the cases of free rolling
are straightforward once it is assumed µ = 0.
B.2.1. Tractive rolling without adhesion
Equations A.3 in the Maugis formalism become
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¯˜σzz(x˜) =
{
−p˜0
√
1− x˜2 |x˜| ≤ 1
0 |x˜| > 1
¯˜σxx(x˜) =
{
−p˜0
(√
1− x˜2 − 2µx˜) |x˜| ≤ 1
−2µp˜0
(
x˜− sgn (x˜)√x˜2 − 1) |x˜| > 1 +
+

2µp˜0(x˜− ψ˜) |x˜− ψ˜| ≤ ρ˜
2µp˜0
[
x˜− ψ˜ − sgn
(
x˜− ψ˜
)√(
x˜− ψ˜
)2
− ρ˜2
]
|x˜− ψ˜| > ρ˜
¯˜σxz(x˜) =
{
−µp˜0
√
1− x˜2 |x˜| ≤ 1
0 |x˜| > 1 +
+
µp˜0
√
ρ˜2 −
(
x˜− ψ˜
)2
|x˜− ψ˜| ≤ ρ˜
0 |x˜− ψ˜| > ρ˜
(B.7)
B.2.2. Tractive rolling with adhesion
Finally, Equations 23 become
¯˜σzz(x˜) =

p˜0
√
1− x˜2 − 2λ
pi
arctan
√
m2−1
1−x˜2 |x˜| ≤ 1
λ 1 < |x˜| ≤ m
0 |x˜| > m
¯˜σxx(x˜) =

−p˜0
(√
1− x˜2 − 2µx˜)− 2λ
pi
arctan
√
m2−1
1−x˜2 |x˜| ≤ 1
−2µp˜0
(
x˜− sgn (x˜)√x˜2 − 1)+ λ 1 < |x˜| ≤ m
−2µp˜0
(
x˜− sgn (x˜)√x˜2 − 1) |x˜| > m +
+

2µp˜0(x˜− ψ˜) |x˜− ψ˜| ≤ ρ˜
2µp˜0
[
x˜− ψ˜ − sgn
(
x˜− ψ˜
)√(
x˜− ψ˜
)2
− ρ˜2
]
|x˜− ψ˜| > ρ˜
¯˜σxz(x˜) =
{
−µp˜0
√
1− x˜2 |x˜| ≤ 1
0 |x˜| > 1 +
+
µp˜0
√
ρ˜2 −
(
x˜− ψ˜
)2
|x˜− ψ˜| ≤ ρ˜
0 |x˜− ψ˜| > ρ˜
(B.8)
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